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Abstract--For the Sturm-Liouville boundary value problem 
(p(t)u'(t))' + Af(t ,  u(t)) = O, 0 < t < 1, 
alu(O) - Bzp(O)u'(O) = O, (BVP) 
c~2u(1) +/32p(1)u'(1) = 0, 
where A > 0, we shall use a fixed point theorem in a cone to obtain the existence of positive solutions 
for A on a suitable interval. 
Keywords--Sturm-Liouville boundary value problem, Cone, Fixed point theorem. 
1. INTRODUCTION 
Consider the Sturm-Liouville boundary value problem 
(p(t)u'Ct))' -[- AfCt, uCt)) = 0, 0 < t < 1, 
O~lU(O) -/91p(O)u'(O) = 0, (BVP) 
C~2U(1) +/32p(1)U'(1) = 0, 
where 
(H1) p(t) e C([0,1], (0, oo)); 
(H2) A > 0, at, /3i >_ 0 for i = 1, 2 and ala2 + a l~ + Ot2~l > 0; 
(Ha) f(t ,u) E C([0, 1] x [0, oo),R), and there exists a positive constant M such that .f(t,u) > 
-M  for every t E [0, 1], u > 0. 
Recently, Anuradha, Hai and Shivaji [1] have established the following interesting result. 
THEO~M A. If (H1)-(H3) hold, and 
lira --f(t'u) = oo 
t~.--*OO U 
Typeset by ~4A4S-TEX 
cm~ 3s,~-D 89 
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unJ£ormly on a compact subinterval [a, fl] of (0,1), then the boundary value problem (BVP) has 
a positive solution for 0 < A < min{(1/B)ll~ll , (1/7M)} , where 
B = sup (f(t, u) + M) 
0<t<l ,  0<u<l  
and ~, 7 are defined as in Remark I below. 
The purpose of this paper is to offer the existence of a positive solution to (BVP) for A on a 
suitable interval. The obtained results improve Theorem A. 
For other related results, we refer to [2-6]. 
2.  MAIN  RESULTS 
In order to prove our main results, we need the following three useful lemmas. The first is due 
to [7,8], the other two are due to [1]. 
LEMMA 1. (See [7,8].) Let K be a cone in a Banach space E and ~1, ~2 be two bounded open 
sets in E such that O • fll and ~1 c fig.. Let A : K n ('~2\~21) --* K be a completely continuous 
operator. I f  
IIAxll _< Ilxll, for aJl x e K n 0£~1 and IIAxll > Ilxlh 
IIAzll > Ilxll, for aU x • K n o~l and IIAzll _< I1~11, 
then A has at least one fixed point in K n (-~2\f~l). 
LV.MMA 2. (See [1].) Let (Hi), (H~.) hold and let u(t) satisfy 
(p(t)u'(t))' = -v ( t ) ,  0 < t < 1, 
~lU(0)  - ~ lp (0)u ' (0 )  = 0, 
~2u(1) + &p(1)u ' ( t )  = o, 
where v(t) • LI(O, 1), v(t) >_ O. Then, 
for a/1 x E K N Off2, 
for all x E K N 0~2, 
or 
where 
u(t) > Ilullq(t), for t e [0, 11, 
q(t) = min (~1 + al  fo(dr/p(r)) ~2 + ~2 ftl(dr/p(r)) 
~1 +a, f~(dr/p(r))' & +a, fl(drlp(r)--------~] " 
Here l[" II stands for the sup norm. 
LEMMA 3. (See [1].) Let (Hi), (/-/2) hold and let ~(t) be the solution of following boundary 
value problem: 
(p(t)u'(t))' = -1, 0 < t < 1, 
a lu (0)  - Zlp(O)u'(0)  = 0, 
~2u(1) + &p(t)u ' (1)  = o 
Then, there exists a positive constant 7 such that ~(t) _ 7q(t) for every t E [0, 1], where q(t) is 
defined in Lemma 2. 
REMARK 1. It follows from the proof of Lemma 3 in [1] that 
1 [ 'd r '~  ds) =p-1 t (,ol+ lj ° p(r)] 
r' dr,  1 ds)]> 
°'Jo 5 )  0 
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where 
f0 
1 dr 
p -- 0t1~2 "~- ~10t2 p~ -I- 1~1012. 
After a simple calculation, we find that 
( fO I d r ) (  fO 1 dr) 
7=p-1 a1+~1 p-T6 ~2+~ p-75 " 
Throughout his paper, we shall denote 
a= min q(t), te[1/4,3/4] 
and 
--I (f3,4 
Q= •J1/4 G<I'sl ds) 
(/01 
where q(t) is defined in Lemma 2 and G(t, s) 
(p(t)u'(t))' = 0 with the boundary conditions 
i.e., 
" dr 
P--1 (~l-t-Oqf0 p--~) 
G(t,s) = ( 'dr) 
p--1 /~i ~t. Otlf 0 P~ 
(1) 
-1 \ 
G(s, 8) ds) , (2) 
is the Green's function of the differential equation 
a lU(0) -  ~lp(0)u'(0) = 0, C~2U(1)q-/~2p(1)u'(1) = 0, 
( /1  dp~)) 
/~2 q'- Ot 2 , fo r0<s<t<l ,  
( /1 
B2+~2 , fo rO<t<s< 1, 
where p is defined in Remark 1. By the definition of G(t, s), it is clear that G(t, s) < G(s, s), for 
all t e [0, 1]. 
THEOREM 1. Let (H1)-(H3) hold. Assume that there exist a function h : [0, 1] ---* R and a 
positive constant k such that 
f(t,u) + M > h(t), 
fl /4 /4 G( l ' s )  h(s)ds>7(M + l)' (Hs) 
where 7 is defined in Lemma 3. If 
lim maxf ( t 'U )=ClE[o ,R) .  (Ho) u---*oo rE[0,1] U 
Then, (BVP) has at least one positive solution for ~ 6 (0, k]. 
PROOF. Let X E (0, k] be given and q(t) be as in Lemma 2. Set w(t) = AMP(t), where ~(t) is 
defined in Remark 1. Since q(t) <_ 1 on [0,1], it follows from Lemma 3 that 
w(t) <_ A~/M, for all t e [0, 1]. (3) 
Hence, ul(t) is a positive solution of (BVP) if and only if ~(t) = ul(t) + w(t) is a solution of the 
boundary value problem 
(pCt)u')' = -~( t ,  ~ - w) ,  0 < t < 1, 
OLlU(O) - ~zp(O)u'(O) = O, (BVP')  
oL2u(1) +/~p(1)u'(1) = 0, 
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with fi(t) > w(t) on (0, 1), where 
f g(t,u), foru_>O, 
~(t, u)  
g(t,O), for u < 0, 
with g(t, u) = f(t,  u) + M is a nonnegative continuous function on [0, 1] × [0, ~) .  
Let K = {u E C[0, 1] : u(t) >_ IiuIIq(t), t E [0, 1]}. Clearly, K is a cone. If u(t) is a solution of 
(BVP*), then u(t) satisfies the integral equation 
j~0 
1 
u(t) = ~ c ( t ,  s)~(s,u(s) - w(~)) ds. 
Now we define the operator T~ on K by 
T~u(t) = A G(t, s)O(s, u(s) - w(s)) ds. (4) 
From Lemma 2 and Ascoli's Lemma, it is easy to show that T~ : K --* K is completely continuous. 
Now, we will show that T~ has a fixed point in K, for all A E (0, k]. Since 
ATM . .  w(t) = AM~(t) < ATMq(t) < [-~u(t) ,  
it follows that 
By (Hs), 
ATM~ u(t), for u E K. (5) u(t) - w(t) _> 1 Ilull / 
lira max f ( t ,u )+M_ lim max f(t ,u) 
u--*o¢ tE[O,1] U u--*oo tE[O,1] U 
Taking e = R/k  - C1, there exists ~ > 0 such that 
max g(t, u) <_ ~ + C1 R 
te l0 ,1 ]  u = ~-, for u e [¢, oo). (8) 
Therefore, for 7/> max{~, AT(M + 1)} large enough, 
~R 
g(t, u) <_ --~-, on [0, 1] x [0, 7/]. 
By this and (5) and (6), for u(t) E K and Ilull = n,  we have 
for t e [0, 1]. Let 
and 
Then, by (2) and (7), 
~(t, u - ~)  = g(t,  u - w) < T '  
f~l = {u E K : Ilull < AT(M + 1)}  
a2- -{ueK:  [luH <7/}. 
o A~R /01 T~u(t) = A G(t, s)~(s, u(s) - w(s)) ds <_ T G(t, s) ds < ~h 
for u E 0f~2. Thus 
]]T~ul] <_ ]luiI, for u e 0~22. 
(7) 
(8) 
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On the other hand, it follows from Lemma 2 that 
7k(M + 1) > AT(M + 1) > u(t) > u(t) - w(t) 
> Ilullq(t) - AMp(t) > ATq(t) > O, (9) 
for u E 0~'~1. Combining (9), (H4), and (HE), we obtain 
3/4 
~" Jl/4 G (1 ,s )  ~(s,u(s) - w(s))ds 
>:,4(1) _AJII4 G ,s h(s)ds>AT(M+l) .  
Thus, 
IlTxull > Ilull, for u e 0f~l. (10) 
It follows from (8), (10), and Lemma I that there exists ~ E KN (~2\f~1) such that T~(t)  = ~(t) 
and I1~11 is between AT(M + 1) and rl. By (3), ~(t) > w(t) on [0,1], and so ul (t) = 9(t) - w(t) is 
a positive solution of (BVP) for A E (0, k]. This completes the proof. 
REMARK 2. We can take the constant k in Theorem 1 as 
k = 
1 
7(M + 1) sup{llul[ : f(t,u) + M > h(t) on [0, 1], and u > 0}. 
THEOREM 2. Let (H1)-(H3) hold. Assume that there exist a function h : [0, 1] ~ R and a 
positive constant k such that 
f(t,u) + M < h(t), for t E [0,1], u E [0,Tk(M + 1)], 
where 7 /s  defined in Lemma 2. 
(a) If 
(Hr) 
fo I G(s, s)h(s) ds < 7(M + 1), (I-Is) 
lim rain ~f ( t '  u) = ¢x~, (Hg) 
~--,oo t~[1/4,3/4] u 
then (BVP) has at least one positive solution for A E (0, k]. 
(b) I l k> land  
lira rain f(t' u) = C2 E ( Q, cc ) -  - 
u-*c~ te[1/4,3/41 ~ ~" ' (HI0) 
then (BVP) has at/east one positive solution for A E [I, k]. 
PROOF. Let w(t),g(t,u),~(t,u),K, and Tx be as in the proof of Theorem I. Thus (3), (5), 
and (9) hold. Moreover, ut(t) is a positive solution of (BVP) if and only if fi(t) = ul(t) + w(t) 
is a solution of the boundary value problem (BVP*). If we can prove that Tx has a fixed point 
fi(t) E K with fi(t) > w(t) on [0,1], then u(t) = ~(t) - w(t) is a positive solution of (BVP). 
CASE (a) .  Let A E (0,k]. By (H9), 
lim rain f(t, u) + M f(t, u) = lira rain ~ = co. (11) 
u---*c~ ¢e[I/4,3/41 U u---*oo te[1/4,3/4] U 
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Let M = 2Q/Aa. Using (5) and (11), we see that, for z/> max{2ATM, Ar(M + 1)} large enough 
and u • K with HuH = ~/, 
1 1 
u ( t ) -  w(t) ___ 5u(t) > ~'Ta 
and 
~(t, u - w) = g(t, u - w) > M (u(t) - w(t) ) >_ MTla = ~I_.QQ 2 I ' (12) 
for t • [1/4, 3/4]. Again, let ~'/1 = {u • K :  [lull < AT(M + 1)} and f~2 = {u • K :  HuH < 7/}. 
Then, by (1) and (12), 
/3 /4~(1 ,s )  O(s , . (8 , -w(8) )d8  
> "~al/4 ,3,4(1) 
> zlQ]I a 
-- /4 ~,s  ds=r  h 
for u E 0~2. Thus, 
iJTau[I > Iluli, 
On the other hand, by (9), (HT), and (Hs), 
for u E 0f/2. i13) 
~0 
1 
Tau(t) = )~ G(t, s)O(s, u(s) - w(s)) ds 
11 _< ,~ a(s ,  s)h(s) ds _< ,~,(M + 1), 
for u E 0~1. Hence, 
IlT~uJ[ _< HuH, for u e alex. (14) 
It follows from (13), (14), and Lemma 1 that there exists fi E KN(~2\f l l )  such that T~fi(t) = ~t(t) 
and [[fi[[ is between )~7(M + 1) and r I. By (3), we obtain that fi(t) > w(t) on [0, 1], and so 
Ul (t) = flit) - w(t) is a positive solution of (BVP) for A E (0, k]. This completes the proof of 
Case (a). 
CASE (b). Let A E [1, k]. By (H10), 
lira rain f ( t ,u )  + M = lim min __f(t'u) = C2 E (Q ,oo  ) . (15) 
u-*co  te [1 /4 ,3 /4 ]  U t t~c¢  te [1 /4 ,3 /4 ]  U 
Taking e = C2 - Q/a ,  there exists z/> 7(M + 1) large enough such that 
min g(t, u) > -e  + (72 = Q for u E [6~/, oo), 
te[1/4,3/4] U -- a ' 
where 6 e (0, a) C [0, 1]. Hence, for u(t) E K and I[ull = r/, 
git, ~it)) _> ~(t) _> ~-tt-tlq(t) _> ~Q, [13] on ~,~ x[~. ,n] .  (16) 
Since (5) holds and 6 E (0,a) C (0, 1), we can choose r/so large that, for Ilull = ~/, 
u(t)-wit )> 11 7(M+1) I - Ilull ~llull _> ~llull = ~,7. 
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This and (16) imply 
~(t, u(t) - wit)) = g(t, u(t) - w(t)) >_ TIQ , (17) 
for t E [1/4, 3/4], u E K, and HuH -- ~/. Let f/1 and f12 be as in Case (a) for A E [1, k]. Then, by 
(1) and (17), 
TAIJ,(~) :)t/1G(1, s) g(s,~t(s)-w(s)) d  
_ [3/4 
> J1/4 G ( l ' s )  ~(s'u(s) - w(s))ds 
f3/4 (~)  
~ z}Q ]I G ,s ds = z}, 
/4 
for u E 0~'~2. Thus, 
IIT~ull > IIUH, for u e 0f/2. (18) 
On the other hand, it follows from (9), (HT), and (HB) that (14) holds for u E 0~'~1. By (14), (18), 
and Lemma 1, there exists fi E KN(~2\Ftl) such that TA~(t) = fi(t) and 11~21] isbetween A~/(M+I) 
and 7}. By (3), we obtain ~(t) > w(t) on [0, 1], and so u(t) = ~(t) - w(t) is a positive solution of 
(BVP) for A e [1, k]. This completes the proof. 
REMARK 3. The constant k in Theorem 2 can be taken as 
k = 
1 
7(M + 1) sup{HuH: f(t,  u) + M < h(t) on [0,11, and u _> 0}. 
EXAMPLE I. Consider the boundary value problem 
u"(t) -t- Af(t, u(t)) = O, for 0 < t < 1, 
u(0) = u(1) = 0, (19) 
where 
f(t ,  u) = 214te 1°°°-~ - 9t eosu _> -9  = -M,  
Clearly, ~(t) = 1/2t(1 - t), 7 - 1. Since f(t, u) satisfies 
for t e [0,1] and u > 0. 
lim n 
u--*Oo U 
i(t,u) 
= 0 uniformly on each compact subset of (0, 1), 
Theorem A cannot be applied to (19). However, if we take h(t) = 214t, then k = 100, "yk(M + 1) 
= 1000. Therefore, 
f i  t, u) + M >_ 214re 1°°°-~ ~ 214t = h(t), on [0, 1] × [0, 1000]. 
Since the Green's function of (19) is 
t(1 - s), 0<t<s<l ,  
G(t,s)= s ( l -  t), O<_s<_t<_l, 
we have 
and 
3/4 
all4 
321 
> 10 = 7(M+ 1) 
32 - 
lira max fit, u) = 0. 
u--*oo rE[0,1] U 
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Hence (H4)-(He) hold. Thus, by Theorem 1, we see that  (19) has at least one positive solution 
for all A E (0, 100]. 
EXAMPLE 2. Consider the boundary value problem 
u"(t) + Af(t, u(t)) = 0, for 0 < t < 1, 
u(O) = u(1) = 0, (20) 
where 
f i  t, u) = t l°u 3/2 - 9t cos u _> -9  = -M,  
Clearly, F i t  ) = (1/2)t(1 - t), 7 = 1. Since f i  t, u) satisfies 
for t E [0, 1] and u > 0. 
lim f i t ,  u) = oo uniformly on a compact subset of (0, 1), 
u-*co  U 
by Theorem A, we find that  (20) has a nonnegative solution for 
0<)~<mm BI~I ] ,7~ / < 7M =9 '  
However, if we take hit ) = 1000t 1° + 18, then k = 10, 7k(M + 1) = 100 and 
f ( t ,  u) + M < tl°u3/2 A- 18 < lOOOt 1° + 18 = hit), on [0, 1] x [0, 100]. 
Since the Green's function of (20) is the same as in Example 1, it is easy to see that  
/01 /0' 1468 G(s, s)his ) ds = s(1 - s)(lOOOs 1° + 18) ds = 156 < 10 = 7(M + 1) 
and 
lim min f ( t, u) 
u.,co tE[1/4,3/4] u 
Hence (HT)-(Hg) hold. Thus, by Theorem 2(a), we see that i20) has at least one positive solution 
for all 3~ e ( 0, 10]. 
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